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Abstract
The elastic properties of Cu−Al −Mn alloys with compositions along the Cu3Al→ Cu2AlMn
line and bcc-based structures, are studied by means of first-principles calculations. From the calculated
elastic constants, the Zener’s anisotropy, sound velocities and Debye temperature are determined. The
theoretical results compare well with the available experimental data. The influence of vibrations is
introduced through the quasi-harmonic Debye model, and different properties are studied as functions of
temperature and composition.
Keywords— Cu-Al-Mn, First-Principles Calculations, Elastic Constants, Debye Temperature, Quasi-Harmonic Ap-
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1 Introduction
Shape memory alloys (SMAs) have attracted attention in the last decades due to their interesting mechanical properties
(pseudoelasticity, shape memory effect, double shape memory effect) (1). These mechanical properties are associated
with a difussionless martensitic transformation (2). Cu-based alloys are particularly interesting due to their lower cost
and comparatively good shape memory properties (3). In these systems, the martensitic transformation takes place
from a metastably retained β phase, with bcc structure, to a martensitic phase with close-packed structure. One of such
Cu-based SMAs is the Cu−Al−Mn system: the use of this family of alloys in seismic applications (4–7) as well as
in medicine, aeronautics and robotics (8–12) has been subject of extensive research in the last years.
The Cu−Al−Mn system presents some advantageous properties as compared to other Cu-based shape memory
alloys. The addition of Mn increases the range of stability of the β phase. Besides, the presence of Mn confers
magnetic properties, as a result of the coupling between the magnetic moments located at the Mn sites. For instance,
the Heusler alloy with stoichiometric composition Cu2AlMn has a ferromagnetic to paramagnetic transition with a
high Curie temperature TC ≈ 630K (13). Other interesting feature is the formation of a miscibility gap at temperatures
around 600K and below, for compositions along the pseudobinary line Cu3Al → Cu2AlMn (14–18). This two-
phases gap is formed by a spinodal decomposition mechanism, giving place to regions with composition close to
Cu3Al and DO3 structure, and others with composition near Cu2AlMn and L21 order (18–23). The Cu3Al regions
are paramagnetic, whereas theL21 ones are ferromagnetic. Although the nature of the gap is still a matter of discussion,
it is known that the difference in lattice parameters between the phases leads to internal tensions that could partly explain
the decomposition (14, 18, 20). In a previous work (24) it has been shown that there is also magnetic reasons behind
this decomposition.
The aim of this work is to characterize, using first-principles methods and the quasiharmonic approximation (QHA),
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the elastic, vibrational and thermodynamic properties of alloys along the Cu3Al → Cu2AlMn line of compositions.
This will allow to gain insight about the reasons leading to the formation of the miscibility gap.
The rest of this work is organized as follows: in section 2 the computational details of the first principles calculations
are explained, and the main equations of the QHA are introduced. In section 3 the results are presented and discussed,
and the main conclusions are outlined in section 4.
2 Methodology
2.1 First-principles calculations
First-principles calculations were performed by means of the Quantum Espresso implementation (25, 26). This is an
integrated suite of computational codes based on the density functional theory (DFT) (27, 28), and employs an expan-
sion of plane waves and pseudopotentials. In the present work, the ionic cores for Cu, Al and Mn were described
by Vanderbilt ultrasoft pseudopotentials (29). The exchange-correlation term of the spin-polarized calculations was
represented by the Perdew-Burke-Ernzerhorf implementation of the generalized gradient approximation (GGA) (30).
A careful examination of the energy convergence respect to different control parameters was performed prior to the
self-consistent calculations. The energy cut-off for the plane wave expansion was established in 40 Ry, and for the
charge density in 480 Ry; a uniform mesh of 10x10x10 k points, automatically generated according to a Monkhorst-
Pack scheme was employed (31). The convergence criteria in the total energy for the self-consistent cycle was set to
1x10−8Ry.
As postulated by other authors (32, 33) and verified in a previous work (24), the magnetic contributions from Cu
andAl atoms are negligible; then, the spin-polarized calculations were performed assuming that the magnetic moments
are due solely to Mn atoms.
Five alloys along the line of compositions Cu3Al→ Cu2AlMn were studied. Description of these structures
can be made with the help of Figure 1. In the limiting Cu3Al alloy with DO3 order, sublattices I , II and III are
occupied by Cu atoms and sublattice IV by Al. In the Heusler Cu2AlMn alloy with L21 order, sublattices I and
II are occupied by Cu, sublattice III by Mn, and sublattice IV by Al. Besides these limiting cases, three ordered
compounds with compositions Cu11Al4Mn1, Cu10Al4Mn2 and Cu9Al4Mn3 were also studied (note that all the
considered alloys posses a fixed aluminum content of 25 at. %). The three intermediate systems, with 16 atoms per unit
cell, were constructed starting from Cu3Al and replacing, respectively, 1, 2 or 3 Cu atoms in the sublattice III (Fig.
1) by Mn atoms. The corresponding compositions lie equidistantly between Cu3Al and Cu2AlMn. The resulting
structures can be regarded as partially ordered L21 structures.
For each of the studied alloys, a structural optimization varying the cubic lattice parameter was done. The equi-
librium state was determined by locating the minimum of the energy as a function of the lattice parameter, fitting the
calculated data with a Murnaghan equation of state (EOS) (34). From these fittings, the energy per formula unit E0, the
equilibrium volume V0, the equilibrium bulk modulus B0 and its pressure derivative B′0, were obtained.
2.2 Determination of the elastic constants
In a cubic system there are only three independent elastic constants, namely C11, C12 and C44. Determination of
the elastic constants is performed by applying different distortions to the cubic cell. The bulk modulus B0 and the
equilibrium volume V0 are obtained by fitting the Murnaghan EOS (34), and correspond to an hydrostatic variation of
volume by means the following perturbation of the basis vectors of the lattice
D(δ)=
(1 + δ 0 0
0 1 + δ 0
0 0 1 + δ
)
where δ is the magnitude of the strain. B0 is related with the elastic constants by the expression
B0 =
C11 + 2C12
3 (1)
The combination C11 − C12 is obtained by performing a volume-conserving orthorhombic strain (35, 36)
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Figure 1: Body centered cubic supercell subdivided in four interpenetrating fcc sublattices
D(δ)=
1 + δ 0 00 1− δ 0
0 0 11−δ2

and fitting to the change in energy with respect to the unstrained crystal
∆E(δ) = ∆E(−δ) = V0(C11 − C12)δ2 +O(δ4) (2)
The combination of Eqs. (1) and (2) allows calculating C11 and C12. The remaining elastic constant, C44, is
obtained by applying a volume-conserving monoclinic distortion
D(δ)=
1 δ2 0δ
2 1 0
0 0 44−δ2

In this case, the difference in energy respect to the relaxed lattice is expressed as
∆E(δ) = ∆E(−δ) = 12V0C44δ
2 +O(δ4) (3)
In the present work, ten distortions of each type (orthorhombic or monoclinic), with values±1%,±2%,±3%,±4%
and ±5%, were applied to the relaxed cubic structure with volume V0.
From the values of the elastic constants the shear modulus is obtained. We will use the Hill method (37), according
to which the shear modulus GH is given by the average
GH =
Gv +Gr
2 , (4)
where Gv is the Voigt’s estimate (38):
Gv =
C11 − C12 + 3C44
5 (5)
and Gr is the Reuss value (39)
Gr =
5 (C11 − C12)C44
3 (C11 − C12) + 4C44 (6)
The isotropic Young modulus, E, and Poisson ratio, ν, are given by
E = 9B0GH3B0 +GH
(7)
ν = 3B0 − 2GH2(3B0 +GH) (8)
3
2.3 Thermal properties
The vibrational motion of the lattice was incorporated through the quasi-harmonic Debye model, as implemented in
the software GIBBS (40). Taking as input the ab-initio values of E(V ) for the hydrostatic variation of volume and the
Poisson ratio ν, Eq. (8), the adiabatic bulk modulus is computed by means of the derivative
BS ≈ V d
2E(V )
dV 2
(9)
and then the volume-dependent Debye temperature is obtained
ΘD =
h¯
k
[
6pi2V 1/2n
]1/3 (BS
M
)1/2
f(ν) (10)
where
f(ν) ={
3
[
2
((2
3
) 1 + ν
1− 2ν
)3/2
+
((1
3
) 1 + ν
1− ν
)3/2]−1}1/3
The thermal evolution of different properties can be evaluated by constructing the Gibbs free energy as
G(V, P, T ) = E(V ) + PV +Avib(θD(V );T ) (11)
being Avib the vibrational contribution
Avib = nkBT[9
8
ΘD
T
− 3log
(
1− e−
ΘD
T
)
−D
(ΘD
T
)]
(12)
with D
(ΘD
T
)
being the third-order Debye integral, n the number of atoms in the unitary cell and kB the
Boltzmann’s constant. At given (p, T ) the equilibrium volume is found from the condition(
∂G(V, P, T )
∂V
)
p,T
= 0 (13)
After that, it is possible to calculate other properties such as the isothermal bulk modulus
BT (p, T ) = −V
(
∂2G(V, P, T )
∂V 2
)
p,T
(14)
the vibrational heat capacity
Cv = 3nkB
[
4D
(ΘD
T
)
− 3
ΘD
T
e
ΘD
T − 1
]
(15)
and the volumetric thermal expansion coefficient
α = γCv
BTV
(16)
where γ is the Grüneisen parameter, obtained through the Mie-Grüneisen equation (40, 41).
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Figure 2: Energy difference from the equilibrium volume as function of the volume for different composi-
tions. The dashed line corresponds to the Murnaghan fit.
3 Results and discussion
3.1 Elastic and acoustic properties
In Figures 2 - 4, the changes in energy in reference to the equilibrium volume for different strains and alloy compositions
are shown. The hydrostatic changes of volume shown in Fig. 2 were fitted by the Murnaghan EOS for each alloy,
determining the corresponding values of V0 and B0. These values are listed in Table 1. When orthorombic strains are
applied (Fig. 3), the variation of energy with δ is more markedly composition dependent than for the monoclinic strains
(Fig. 4), where the curves for different compositions almost overlap. This implies that the C11 −C12 difference varies
more with composition than the C44 value. Furthermore, the difference C11 −C12 has a monotonous behavior respect
the copper contents.
The values of the elastic constants obtained through Eqs. 1 - 3 are listed in Table 1. Experimental values and
theoretical calculations taken from the literature are included for comparison. For the Heusler alloy Cu2AlMn, our
results agree well with the experimental determinations by Michelutti et al (42) (values extrapoled to 0K), as well as
with recent theoretical calculations using full-potential linearized augmented plane waves (FPLAPW) (43, 44) and the
projector augmented wave method (PAW) (45). For the intermediate compositions, the elastic constants have been ex-
perimentally determined for alloys Cu−25%atAl−5at.%Mn (at temperatures above the martensitic transformation)
and for Cu−25at.%Al−7.5at.%Mn and Cu−25at.%Al−10at.%Mn (above liquid nitrogen) (46). Extrapolation
of these experimental results to 0K are also listed in Table 1.
In Fig 5, the values of B0, C44 and C′ are shown as a function of the Mn content, where
C′ = C11 − C122
is the elastic modulus related to 〈110〉〈11¯0〉 shear. All the alloys satisfy the Born stability criteria, B0 > 0,
C44 > 0, and C′ > 0. Experimental values in other Cu− Al based systems posses values in the same range than the
ones calculated here. For instance, for Cu − Al − Be with Be contents between 2.5 − 5at.%, the room temperature
values are in the ranges B0 ≈ 125− 130 GPa, C44 ≈ 90− 95 GPa, and C′ ≈ 7− 9 GPa (47). For Cu−Al−Ni,
B0 ≈ 127− 133GPa, C44 ≈ 95GPa and C′ ≈ 7.34− 7.48GPa (48). In the compilation by Romero and Pelegrina
(49) for Cu−Zn, Cu−Al−Zn, Cu−Al−Be and Cu−Al−Ni alloys, C44 ranges between around 95 and 105
GPa at different temperatures.
As shown in Fig. 5, C′ has a low value as compared to the other two moduli in all the range of compositions and
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Figure 3: Energy differences for orthorhombic deformations δ and the different compositions. The dashed
lines are just guides for eyes.
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Figure 4: Energy difference for monoclinic deformations δ and for the different compositions. The dashed
lines are just guides for eyes.
decreases with the amount of copper in the alloy. The comparatively low values of C′ indicate that the bcc structure
has weak restoring forces for shears in the {110} planes along the directions 〈11¯0〉 (50) and play an important role in
the occurrence of the martensitic transformation (51).
The Young and shear moduli, and the Poisson ratio, obtained by Eqs. 4 - 8 are listed in Table 2. For Cu2AlMn
our results closely compares with those of Ref. (45).It should be noted that both the Young and shear moduli increases
and the value of Poisson ratio decreases when the manganese content grows.
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Alloy Ref. V0[ua3] B0[GPa] C11[GPa] C12[GPa] C44[GPa]
Cu3Al This work 84.84348 131.23 137.23 128.03 99.08
Cu70Al25Mn5 (46), experimental −−− 129.33 140.0 124.0 98
Cu11Al4Mn This work 85.9660 128.11 135.97 124.35 99.03
Cu67.5Al25Mn7.5 (46), experimental −−− 128.0 138.0 123.0 104
Cu10Al4Mn2 This work 87.1304 123.54 134.73 117.94 94.59
Cu65Al25Mn10 (46), experimental −−− 128.0 138.0 123.0 104
Cu9Al4Mn3 This work 88.0784 121.67 134.12 115.44 98.34
This work 88.8360 120.51 138.8 111.3 102.0
(42), experimental 1 89.4498 110.4 128.1 101.5 104.4
Cu2AlMn (43), FPLAPW 88.1167 125.3 143.7 116.1 117.6
(44), FPLAPW −−− 122.3 137.0 115.0 112
(45), PAW 88.44086 122.2 138.8 113.9 103.0
Table 1: Equilibrium volume per atom, bulk modulus, and elastic constants for the different alloys.
Alloy E[GPa] GH [GPa] ν AC B0/G C12/C44 ΘD,0[K]
Cu3Al 99.00 36.02 0.374 24.17 3.64 1.29 322.14
Cu11Al4Mn 102.61 37.54 0.367 17.04 3.41 1.26 330.57
Cu10Al4Mn2 106.63 39.31 0.356 11.27 3.14 1.25 340.56
Cu9Al4Mn3 112.00 41.59 0.346 10.53 2.93 1.17 351.97
Cu2AlMn 126.12 47.57 0.325 7.44 2.53 1.09 378.18
Cu2AlMn(45) 123.9 46.6 0.331 7.68 2.63 1.11 375.40
Table 2: Calculated Young and shear moduli, Poisson ratio, anisotropy, ductility, Cauchy relations and
Debye temperature at the equilibrium volume at T = 0K
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Figure 5: Elastic moduli as a function of Mn content. Code color: Black for Bulk modulus, Blue for C44
and red for C ′. In empty circles, the present work results.
The anisotropies of alloys crystals, AC , calculated as the Zener ratio (52):
AC = C44
C′
are also listed in Table 2. The low values of C′ lead to high values of the anisotropy. According to the compilation
of experimental data by Z. Lethbridge et al. (53), all cubic materials with AC > 4 show a negative Poissons ratio in
some combination of load direction / transversal plane. Materials with negative Poisson ratio are called auxetics (54),
and have the property of displaying a widening upon application of a longitudinal tensile strain. Around 69 % of the
elemental cubic metals posses negative Poisson ratio when stretched along the [110] direction (55). In a recent work
(56) it has been shown that an alloy of composition Cu− 16.9Al − 11.6Mn (at. %) posses a negative Poisson’s ratio
along the [110] direction when the strain is measured along the transverse [11¯0] direction: ν〈[110],[11¯0]〉 = −0.51, and a
large and positive Poisson’s ratio when the strain is measured along the [001] transverse direction: ν〈[110],[001]〉 = 1.34.
Using the elastic constants obtained in the present calculations these Poisson’s ratio can be calculated through the
relations (55):
ν〈[110],[11¯0]〉 =
−2C11C44 + (C11 − C12)(C11 + 2C12)
2C11C44 + (C11 − C12)(C11 + 2C12)
ν〈[110],[001]〉 =
4C12C44
2C11C44 + (C11 − C12)(C11 + 2C12)
The obtained values are detailed in Table 3. The present values are in the range of the experimental data.
The anisotropy is also related to the spinodal decomposition process. For AC > 1 , spinodal decomposition gives
rise to compositional plane waves on {100} planes, whereas for AC < 1 this occurs on {111} planes (57, 58). For
the alloys studied in this work, the prediction of AC > 1 agrees with the experimental observation of composition
modulations along the 〈100〉 direction (59).
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Comp. ν〈[110],[11¯0]〉 ν〈[110],[001]〉
Cu3Al −0.79 1.67
Cu11Al4Mn −0.72 1.57
Cu10Al4Mn2 −0.61 1.41
Cu9Al4Mn3 −0.59 1.37
Cu2AlMn −0.48 1.19
Table 3: Poisson’s ratio for loads applied in the [110] direction and strains along the transverse directions
[11¯0] and [001].
Alloy Ref. vl[m/s] vt[m/s] veff [m/s]
Cu3Al This work 5002.1 2242.2 2529.3
Cu11Al4Mn This work 5029.2 2308.7 2601.5
Cu10Al4Mn2 This work 5070.3 2396.7 2696.9
Cu9Al4Mn3 This work 5129.8 2485.8 2793.5
Cu2AlMn This work 5290.6 2690.6 3015.2
(45), PAW 5272.9 2650.4 2972.3
Table 4: Calculated isotropic longitudinal, transversal and average sound velocities.
Alloy Ref. vl〈100〉 vt〈100〉 vl〈110〉 vt〈110〉 vl〈111〉 vt〈111〉
Cu3Al This work 4376.6 3718.9 5687.1 1133.2 6061.3 2244.6
Cu11Al4Mn This work 4393.4 3749.4 5704.0 1284.4 6078.4 2288.2
Cu10Al4Mn2 This work 4436.7 3717.5 5681.3 1566.2 6039.4 2398.0
Cu9Al4Mn3 This work 4463.9 3822.4 5757.5 1665.9 6128.4 2407.3
This work 4595.7 3939.8 5878.4 2042.7 6247.7 2562.2
Cu2AlMn (45), PAW 4576.2 3942.1 5882.5 1938.2 6257.7 2536.1
(42), Exp 4553 3787 5670 −−− 6003 −−−
Table 5: Calculated anisotropic sound velocities.
The quotient between the bulk modulus and the shear modulus gives an idea about the ductility of the material.
If this quotient is greater than 1.75, it is said that the material is ductile (60). According to this classification and the
results shown in Table 2, all the studied alloys are predicted to show a ductile character. The Cauchy relation among
C12 and C44 is also given in Table 2. This ratio indicates whether the interatomic forces are central or noncentral: if
the quotient is equal to 1 the forces are central (61).
The calculated Debye temperatures at the equilibrium volume, ΘD,0 = ΘD(V0) are shown in the last column of
Table 2. It can be seen that the Debye temperature increases with the Mn content; this is consistent with the corre-
sponding decrease of the Poisson ratio. For Cu2AlMn, our result (378.18 K) can be compared with the experimental
values found in the literature: Fenander et al. (62) obtained the value of 330K using calorimetric techniques, whereas
in Ref. (42) a value of 372K was obtained by means of neutron scattering measurements. From the theoretical side, a
value of 375.40K was obtained by Wen et al. (45).
From the elastic constants it is also possible to calculate the isotropic longitudinal, vl, and transverse, vt, compo-
nents of the sound velocity as:
ρv2l = B0 +
4
3GH (17)
9
ρv2t = GH (18)
and its effective or average value
veff =
[
1
3
(
1
v3l
+ 23
t
)]−1/3
(19)
The obtained results are given in Table 4. For Cu2AlMn our results compare well with calculations presented in
(45).
The velocities of longitudinal and transverse elastic waves in the direction 〈100〉, 〈110〉 and 〈111〉 for cubic crystals
can be calculated by means of the second order elastic constant and the mass density ρ, using the relations (63):
vl〈100〉 =
√
C11
ρ
vt〈100〉 =
√
C44
ρ
= vt1〈110〉
vl〈110〉 =
√
C11 + C12 + 2C44
2ρ
vt2〈110〉 =
√
C11 − C12
ρ
vl〈111〉 =
√
C11 + 2C12 + 4C44
3ρ
vt〈111〉 =
√
C11 − C12 + C44
3ρ
The obtained values, and a comparison with recent calculations by (45) and experimental values from (42) are given
in Table 5. As a general trend, both the average and the anisotropic sound velocities increase as the Mn content does.
In particular, the vt〈110〉 is sensibly lower for Cu3Al than for Cu2AlMn, even though for the remaining directions
the speeds do not differ markedly. The values obtained in this work for the directional velocities in Cu2AlMn are in
good agreement with the values calculated in (45), although slightly overestimate the experimental values from (42).
3.2 Thermal properties
The thermal properties of the alloys, between 0 and 600K, were studied by means of the quasi-harmonic approximation
detailed in Subsection 2.3. The variation of the isothermal bulk modulus in function of temperature for the different
alloys is shown in Fig. 6. Experimental values for Cu2AlMn obtained from the literature are included for comparison
(42, 64). The calculated values overestimate the experimental ones from Ref. (42) by less than 5% at low temperatures,
but the differences reduce as room temperature is approached.
The thermal variation of the Debye temperature for the different alloys is show in Fig. 7. The experimental
data from Ref. (42, 62) for Cu2AlMn are included for comparison; our results are in good agreement with the
measurements by Michelluti et al (42) It can be seen that the ΘD is almost invariable when T < 100K. For greater
temperatures than T = 100 the ΘD decreases.
Thermal expansion is an important phenomenon in the thermodynamics of materials. It is interesting to analyze
the behavior of the lattice parameter as a function of temperature. This is displayed in Fig. 9 for the different alloys
considered in this work. The slopes of the lattice parameters are very similar for the different compositions; there are not
remarkable difference between the predicted thermal variation of the lattice parameters for Cu3Al and for Cu2AlMn.
The values of the thermal expansion coefficient at room temperature are 5.79×10−5 K−1 for Cu3Al and 6.06×10−5
K−1 for Cu2AlMn.
In Fig. 9 the lattice parameters at room temperature are plotted as a function of the alloy composition. The lattice
parameter increases with the Mn content in an approximately linear way. Also included in Fig. 9 are the experimental
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Figure 6: Thermal variation of the bulk modulus for different compositions
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Figure 7: Thermal variation of the Debye temperature for different compositions. The experimental values
for Cu2AlMn are represented with diamonds (42) and circles (62).
data from Refs. (20, 65). Our results slightly overestimates the experimental values; the maximum difference is below
1% in the Cu-rich corner and gradually reduces for higher Mn content.
4 Conclusions
In this work, the elastic constants of Cu− Al −Mn alloys with structure derived from the bcc, and located along the
pseudo-binary line Cu3Al → Cu2AlMn, have been determined by first-principles calculations. Our results present
good agreement with both experimental and theoretical values reported in the bibliography. Although the equilibrium
volume of the different alloys smoothly increases with the manganese content, the elastic constants C11 and C44 do not
display remarkable composition dependence. A more noticeable change is found in the behavior of C12, which steadily
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Figure 9: Lattice parameter for the alloys at room temperature and comparison with experimental data
decreases with the Mn content. For the alloys with lower Mn content the constant C′ is smaller, and the alloys
become more susceptible to structural changes under compression in direction 〈110〉 (51). From the aforementioned
elastic constants, other quantities of interest for the structural behavior of the alloy, such as Young’s modulus, shear
modulus and Poisson’s ratio, have been obtained.
The anisotropy has, in general, large values for all the studied alloys, being lower for Cu2AlMn and increasing
as the copper content grows. This would facilitate both spinodal decomposition and martensitic transformation(51, 57,
58). The directional Poisson’s ratio for loads in the [110] direction have been calculated. For strains along the transverse
[11¯0] direction a negative Poisson ratio is predicted, whereas for strains along [100], the Poisson ratio is positive and
greater than unity. These results agree with a recent experimental work (56).
The isotropic and directional sound velocities have been calculated from the elastic constants. Both values agree
well with the known results for L21 − Cu2AlMn.
Finally, the behaviour of the bulk modulus, Debye temperature and equilibrium lattice parameter as a function
12
of temperature has been calculated through the Quasi-harmonic approximation. According with our calculations, the
difference between the lattice parameter of Cu3Al and Cu2AlMn does not change significantly with the temperature.
The agreement with experimental results has been found to be satisfactory(42, 62, 64).
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